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ABSTRACT 

 
Mathematical modeling and realistic human simulation of human jogging motion 

is a very challenging problem. Majority of the current literature is focused on studying 

walking or running. This work is aimed at bridging the gap in literature due to the lack of 

research work in three main areas: (1) simulations and experiments on running at speeds 

lower than 3 m/s, (2) Kinetics of fore-foot strike pattern in jogging and running and (3) the 

existence of a double support phase in running at slower speeds and its effects. 

Formulations to simulate natural human jogging are studied and developed. The digital 

human model used for this work includes 55 degrees of freedom, 6 for global translation 

and rotation and 49 for the revolute joints to represent the kinematics of the body. 

Predictive Dynamics methodology is used for dynamic analysis where the problem is 

formulated as a nonlinear optimization problem. Both, displacement and forces are 

considered as unknowns and identified by solving the optimization problem. The equations 

of motion are satisfied by applying them as equality constraints in the formulation. 

Kinematics analysis of the mechanical system is performed using the Denavit-Haretneberg 

(DH) method. The zero moment point (ZMP) condition is satisfied during the ground 

contact phase to achieve dynamic stability. The joint angle profiles are discretized using 

B-spline interpolation method. The joint torque squared, also termed dynamic effort, and 

the difference between predicted motion and motion capture data are used as performance 

measures and minimized in the optimization formulation. The formulation also includes a 

set of constraints to simulate natural jogging motion. Two formulations are discussed for 

jogging on a straight path: (1) one-step jogging formulation and (2) one-stride jogging 

formulation. The one-stride formulation is discussed for clock-wise and counter clock-wise 
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jogging along a curved path. Cause and effect is shown by obtaining simulation results for 

different loading conditions. The proposed formulation provides realistic human jogging 

motion and is very robust.  

.  
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PUBLIC ABSTRACT 

 
Mathematical modeling and realistic human simulation of human jogging motion 

is a very challenging problem. Majority of the current literature is focused on studying 

walking or running. This work is aimed at bridging the gap in literature due to the lack of 

research work in three main areas: (1) simulations and experiments on running at speeds 

lower than 3 m/s, (2) Kinetics of fore-foot strike pattern in jogging and running and (3) the 

existence of a double support phase in running at slower speeds and its effects. 

Formulations to simulate natural human jogging are studied and developed. Predictive 

Dynamics methodology is used for dynamic analysis of the problem. Two formulations are 

discussed for jogging on a straight path: (1) one-step jogging formulation and (2) one-stride 

jogging formulation. The one-stride formulation is also discussed for clock-wise and 

counter clock-wise jogging along a curved path. Cause and effect is studied by obtaining 

simulation results for different loading conditions. The proposed formulation provides 

realistic human jogging motion and is very robust.  
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CHAPTER 1: INTRODUCTION 

1.1 Motivation 
 

The field of digital human modeling and simulation has seen a tremendous increase 

in its popularity and applications in the recent years. It has become an integral part of a 

product development cycle for many industries. It has made the design process much faster, 

easier and less costly. In this field of virtual humans, it is very important to study and 

predict human performance. Human motion prediction refers to the simulation of 

interaction of different user populations with a variety of environments. This prediction is 

achieved by an optimization-based method in which the body’s degrees of freedom (DOF) 

are treated as the design variables to achieve the required motion and some performance 

measure is used as the objective function. The predicted motion must complete tasks while 

resembling the reference motion and maintaining dynamic equilibrium of the digital 

human. All these constraints along with the non-linear nature of the equations of motion 

make dynamic motion prediction (DMP) a very challenging problem. 

 Extensive work has been done toward developing powerful motion prediction 

schemes that could perform in a task-based manner. Forward dynamics (FD) is a method 

that calculates the motion of the body based on known forces or torques. Inverse dynamics 

(ID) is a method for computing forces and/or moments of force (torques) based on the 

kinematics (motion) of a body and the body's inertial properties. ID and FD provide a 

mathematical representation of the dynamic and kinematic properties of the human model. 

The motion simulation process is formulated as a constrained optimization problem (Kim, 

J. 2006) with the physical constraints depicting the task descriptions. But these methods 

involve the integration of equations of motion (Roussel, L. 1998) (Chevallereau, C., and 

1 
 



Aoustin, Y. 2001). Moreover, for many dynamic systems and especially human motion, 

both forces and motion are unavailable. Hence, the work presented here uses the predictive 

dynamics (PD) methodology presented by Xiang (2008) that uses a recursive formulation 

with forces and motion parameters as unknowns and equations of motion as equality 

constraints. The method is applied to a 55 DOF model. It is an optimization-based approach 

with physics-based constraints.  

 The primary goal of this work is to study the human jogging motion using digital 

human models. An additional hypothesis that is tested in this work is that simulation of 

human jogging by formulating the motion as a separate problem with different gait cycle 

phases and foot striking patterns as compared to walking provides more realistic motion. 

Extensive research has been done on studying human walking or running at speeds higher 

than 3 m/s but there has not been much work done on studying running at speeds less than 

3 m/s. Literature on simulating natural human jogging motion and its analysis is even less 

so. A full body dynamic simulation of human jogging is not available in the literature.  

Majority of the literature uses the same gait profile for jogging as running with no 

double support phase. However, Kalron et.al (2013) showed that, although minimal (up to 

0.5 % gait cycle), healthy subjects did show a double support phase while jogging. The 

study compared gait and jogging parameters in healthy subjects and people with minimally 

impaired multiple sclerosis (MS). Gazendam and Hof (2007) studied electromyography 

(EMG) profiles in jogging and running at different speeds and reported an increased stance 

phase (46-57%) in jogging as compared to normal running (30-37%). The study showed 

the practicality of defining an additional mode of human locomotion termed jogging that 

does not include a swing or aerial phase. Novacheck (2008) reported that about 80% of 
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distance runners are rear-foot strikers and hence majority of the research has focused on 

running formulations with rear-foot strike patterns. Lieberman et.al (2010) studied foot 

strike patterns and collision forces in barefoot versus shod runners and showed that fore-

foot strike generates smaller collision forces and may protect the feet and lower limbs from 

some of the impact-related injuries now experienced by a high percentage of runners. There 

still exists a lack of literature on the analysis of running with fore-foot strike pattern. Thus, 

this research work proposes jogging with double support phase and fore-foot strike to 

addresses this critical need. 

 

1.2 Literature Review 
 

 Jogging is defined as a form of running at slower speeds of 4 – 6 mph or 1.8 – 2.7 

m/s. Very few researchers have worked on the mathematical modeling of digital human 

jogging simulation. Thus, there exists a real lack of relevant literature that is directly related 

to the digital human jogging simulation problem. Extensive research work has been done 

in studying the kinematics and kinetics of walking and running motions which can be 

reviewed to obtain some insights into the jogging problem. Robotic simulations of walking 

and running motion have also been performed.  

1.2.1 Kinematics and Kinetics Studies 

 

Kinematics and kinetics studies of human locomotion provide important results and 

play a huge role in the validation of digital human motion simulation. Many experiments 

have been performed in the biomechanics area to measure the joint angle profiles, the joint 

torque profiles and the ground reaction forces (GRF). Biomechanics of human running has 
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been reviewed in many papers (Ounpuu, 1994, Novacheck, 1998). Ounpuu (1994) defined 

the general gait terminology such as gait cycle, step length and stride length along with 

description of the kinematics, kinetics and ground reaction forces of human walking and 

running. Novacheck (1998) described gait cycle, kinematics, kinetics, EMG and potential 

and kinetic energy of running. Demura et.al (2010) compared gait properties during level 

walking with varying loads on the back and showed that double support times increase 

significantly with increasing load. Harman et.al (2000) studied the effects of interaction 

between different backpack loads and walking speeds on the biomechanics of load carriage 

tasks. In the analysis of support phases in human locomotion, GRFs are frequently used as 

a primary descriptive component. Finch et.al (1995) studied differences in ground reaction 

forces when walking in a circle as compared to straight walking. Consistent loading 

patterns observed in the study indicated that walking about a 3.66 m diameter circle was 

same as straight walking. Cavanagh, Williams and Clarke (1981) reported magnitudes of 

1.1 to 1.3 times the body weight (BW) for vertical GRF loading in walking task. Sasaki 

et.al (2006) looked at differences in muscle function during walking and running at same 

speeds.  

 Cross (1998) studied the vertical ground reaction forces of standing, walking, 

running and jumping on a force plate including jogging at 3 m/s. However, no data was 

provided for jogging below 3 m/s. Kuntz and Terauds (1983) performed force 

measurements for jogging using biomechanics cinematography but the actual speed of 

jogging was not reported. Keller studied the relationship between vertical ground reaction 

forces and speed during walking, slow jogging and running. It was shown that the vertical 

ground reaction forces increased linearly during walking and running from 1.2 BW to 
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approximately 2.5 BW at 6m/s. The results suggested that slow or fast running with a lower, 

fixed center of gravity decreases impact forces. Nigg et.al (1987) found similar results for 

3-6 m/s but did not consider running at speeds less than 3 m/s. Gait speed was also studied 

in many investigations (Nigg et.al (1987), Cavanagh (1980), Munro et.al. (1987), and 

Frederick (1980)) but was generally limited to a small range of walking or running 

velocities. Ounpuu (1994) reported GRFs ranging from 1.3 – 1.5 BW in walking to 2 – 3 

BW in running. Novacheck (1998) also reported GRFs of 3 times BW and higher for 

running. Hamill et.al (1983) studied the variations in ground reaction force parameters at 

different running speeds and observed a change in the magnitude of forces as a result of 

changes in running speed. However, running velocities less than 4 m/s were not considered 

in the study. Hart et.al (2009a) analyzed effects of fatigue on jogging kinematics in healthy 

as well as low back pain suffering participants. Castro et.al (2013) studied the relationship 

between running intensity, muscle activation and stride kinematics as running speeds were 

increased from 10 km/h to 16km/h or 2.8 m/s to 4.4 m/s. Smoliga et.al (2014) reported 

physiological parameters during running at 2.4 m/s on a non-motorized curved treadmill. 

Dwyer et.al (2012) proposed standard definitions (velocity ranges) for walking, jogging 

and running for field sports athletes using time motion analysis. Burgess et.al (2006) and 

Dogramaci and Watsford (2006) presented velocity ranges for different locomotor 

categories with median velocity of 2 m/s for jogging. 

 

1.2.2 Simulation Studies 

 Hodgins (1996) simulated 3D virtual human running for speeds of 2.5 to 5 m/s. 

However, the study was for animation purposes where stability and joint torque limits of a 
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human were not considered. Sasaki and Neptune (2006) performed forward dynamical 

simulations of walking and running at the preferred transition speed (PTS, Raynor et.al, 

2002) of 2 m/s for a 2D bipedal musculoskeletal model to study the differences in muscle 

function. Celik and Piazza presented a simulation of aperiodic sprinting using a modified 

spring –loaded inverted pendulum (SLIP) biped model. Sequential quadratic programming 

method was used to solve the non-linear programming problem. Chung (2009) presented 

optimization-based dynamic simulation of 3D human running using PD and also studied 

slow human jogging motion on a curvilinear path. 

 Lens et.al simulated the dynamics of a legged robot to demonstrate ground contact 

forces during slow jogging motion. However, only the lower body was considered with 

very few degrees of freedom. Grizzle (2009) introduced a new robotic bipedal walker and 

runner named Mabel but it considered very few DOF (9 DOF model). Locomotion 

simulations were also performed on Honda ASIMO (Hirai et al., 1998) and Sony QRIO 

(Nagasaka et al., 2004) robots but again the number of DOF considered were very few and 

the anthropometric data used by the mathematical models did not resemble that of a human.  

1.3 Research Objectives and Specific Contributions 
 

The primary objective of this study is the formulation and prediction of realistic 

human jogging motion on a straight and curved path, analysis of the underlying dynamics 

and to observe the effects of external loading on the motion. Specific contributions of this 

research work are summarized as follows: 

1) Human jogging motion on a straight path is simulated using the one-step 

formulation.  
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2) Human jogging motion on a straight path is simulated using the one-stride 

formulation. 

3) Clock-wise and counter clock-wise jogging motion along a curved path is 

simulated using the one-stride formulation. 

4) Different loading conditions are and its effects were studied on the jogging 

motion using predictive dynamics. 

5) It was shown that simulation of human jogging by formulating the motion as a 

separate problem with different gait cycle phases and foot striking patterns as compared 

to walking provides more realistic motion. 

1.4 Thesis Overview 
 

In Chapter 2, the concept of predictive dynamics is presented. The basic notion and 

formulation of predictive dynamics is defined along with the constraints and objective 

functions used. In Chapter 3, the one-step formulation of human jogging motion on a 

straight path is presented. The results for various simulations along with cause and effect 

studies are provided. In Chapter 4, the one-stride formulation of human jogging motion on 

a straight path is presented. The results for various simulations are also presented. In 

Chapter 5, the one-stride formulation of human jogging motion on a curved path is 

presented. The results for simulations of clock-wise and counter clock-wise jogging along 

with cause and effect studies are provided. In Chapter 6, conclusions and future work are 

discussed.  
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CHAPTER 2: PREDICTIVE DYNAMICS 

 

 Predictive Dynamics (Xiang et.al, 2010a) refers to human motion prediction 

in a physics-based world. In general, forward and inverse dynamics have been used to solve 

mechanical problems where either information about force or information about 

displacement, velocity and acceleration is available. However, a bio-system such as human 

motion has very limited information which means that information about force and 

information about displacement, velocity, and acceleration is unavailable. For instance, 

only state responses and a few boundary conditions are available and joint angle profiles 

and joint torque profiles are unknown. Predictive dynamics can be applied to solve the 

problem in such a scenario.  

The digital human, SANTOS, used for this work, has been developed at the Virtual 

Soldier Research (VSR) lab at the University of Iowa. It is modeled as a mechanical system 

that includes link lengths, mass moments of inertia, joint torques and external forces. The 

entire model includes 55 degrees of freedom, 6 for global translation and rotation and 49 

for the revolute joints to represent the kinematics of the body. The Denavit-Hartenberg 

(DH) method (Denavit and Hartenberg, 1955) is applied for the kinematics analysis. 

 
2.1 Formulation of Predictive Dynamics 

 

An optimization-based approach in a physics environment forms the basis of 

predictive dynamics. It is capable of handling complicated dynamics problems with a large 

number of degrees of freedom. However, a performance measure needs to be formulated 

for the optimization-based approach which is generally unknown for a bio-system. A few 
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performance measures have been studied in the literature for general human motion, such 

as the dynamics effort based on energy consumption. It is also very helpful to test the 

feasibility of constraints and obtaining a good starting point for the optimization process. 

Motion capture data is used to provide an initial feasible kinematics solution and then 

dynamics performance measure is added to the objective function to solve the problem. 

Constraints formulation for the optimization problem is another difficult process since 

there is little information available for the human motion to be simulated. Some constraints 

may be obtained from the motion capture data and any literature available on the task while 

some constraints may be imposed based on assumptions. There are two types of 

constraints: (1) time-dependent constraints that must be satisfied over the entire time 

domain and (2) time-independent constraints which need to be satisfied only at a specific 

time.  

 

2.2 Optimization Design Variables 
 

For the optimization problem, cubic B-spline function is used to discretize the time 

domain. Thus a parameterized joint angle profile ( )q t  can be defined as follows: 

𝑞𝑞𝑖𝑖(𝑡𝑡, 𝐭𝐭,𝐏𝐏) = ∑ 𝑁𝑁𝑗𝑗(𝑡𝑡, 𝐭𝐭)𝑝𝑝𝑖𝑖𝑗𝑗               0 ≤ 𝑡𝑡 ≤ 𝑇𝑇𝑚𝑚
𝑗𝑗=0                  (2.1) 

where t is the time instant, 𝑁𝑁𝑗𝑗(𝑡𝑡, 𝐭𝐭) are the basis functions, 0{ ,..., }t st t=  is the knot vector 

(s+1 discretized time points), and 𝐏𝐏𝑖𝑖𝑗𝑗 = {𝑝𝑝𝑖𝑖0, … , 𝑝𝑝𝑖𝑖𝑚𝑚 }  is the control points vector for the 

ith joint angle profile and m+1 is the number of control points. The B-spline consistency 

condition (De Boor, 2001) needs to be satisfied by s and m. Thus, the value of the control 

points can be changed to modify the shape of the joint angle profiles. The control points 
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are treated as the optimization or design variables in this representation. The knot vector is 

specified and fixed for the optimization process in this work. Six control points are used 

for the step formulation and nine control points are used for the stride formulation for each 

DOF. Thus there are a total of 330 design variable (55x6) for the step formulation and 495 

design variables (55x9) for the stride formulation. The final solution and its computation 

time are directly affected by the number of control points used in the formulation. Joint 

angle trajectories a motion require smoothness and flexibility. B-spline functions provide 

many important properties such as differentiability, continuity and local control. These 

properties make B-splines appropriate for representing joint angle profiles.  

The jogging task is formulated as a general nonlinear programming (NLP) problem: 

to find the optimal control points vector P for the jogging motion to minimize a human 

performance measure, (P)f , subject to physical constraints as follows: 

Find :
To :
Sub. 0, 1,...,

0, 1,...,

 P
     (P)
       

              
= =
≤ =

i

j

min f
h i p
g j m

        (2.2) 

where ih  are the equality constraints such as the equations of motion and 
jg  are the 

inequality constraints such as joint and torque limits. Expressions for f, hi and gj are given 

in the following paragraphs.      
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2.3 Objective Function 
 

Motion capture data has been used in this work to improve motion simulation. The 

difference or error between the desired joint angles from motion capture and the actual 

joint angles forms the first performance criterion. It is also termed as the tracking error and 

is minimized in the optimization formulation.  

𝑓𝑓1 = ∑ ∫ �𝑞𝑞𝑖𝑖𝑑𝑑(𝑡𝑡) − 𝑞𝑞𝑖𝑖(𝑡𝑡)�
2
𝑑𝑑𝑡𝑡𝑇𝑇

𝑡𝑡=0
𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛
𝑖𝑖=1                                                                                      (2.3) 

where ndof is the number of DOF, qid is the desired joint angle vector for the ith DOF and 

qi is the actual joint angle vector for the ith DOF.   

The time integral of the squares of all joint torques, also termed as dynamic effort, 

is used as the other performance criterion for the jogging motion (Fregly 2007, Xiang et al. 

2010a): 

 𝑓𝑓2 = ∑ ∫ � 𝜏𝜏𝑖𝑖
|𝜏𝜏|𝑚𝑚𝑚𝑚𝑚𝑚

�
2𝑇𝑇

𝑡𝑡=0
𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛
𝑖𝑖=1 𝑑𝑑𝑡𝑡                                                                (2.4) 

where max
τ  is the maximum absolute value of all the joint torque limits; ndof is the number 

of DOF; T  is the last time point, i.e., total time.  

 The overall objective function is a weighted combination of the two performance 

measures stated above.  

𝑓𝑓(𝑷𝑷) = (𝑤𝑤1 ∗ 𝑓𝑓1) + (𝑤𝑤2 ∗ 𝑓𝑓2)                                                                           (2.5) 

where w1 and w2 are the weights for the objective functions. Tracking error is minimized 

to get an initial kinematics solution with w1=1 and w2=0 which is used as the starting point 
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when dynamic effort is added with w1 = 0.5 and w2 = 0.5. The weights for the objective 

functions are selected such that ∑𝑤𝑤𝑖𝑖 = 1. 

2.4 Constraints 
 

The behavior of a physical system can be described using the equations of motion. 

The general equations of motion for the Santos model are written as 

𝑓𝑓(𝑞𝑞, �̇�𝑞, �̈�𝑞, 𝑡𝑡) =  𝝉𝝉                                                          (2.6) 

where 𝑞𝑞, �̇�𝑞, 𝑞𝑞 ⋲ 𝑅𝑅𝑁𝑁̈  are the state variables i.e. joint displacements, velocities and 

accelerations and 𝜏𝜏 ⋲ 𝑅𝑅𝑁𝑁 are the generalized forces and N is the number of DOF for the 

model. Equations of motion are imposed as equality constraints in the predictive dynamics 

optimization formulation. 

Two types of constraints are considered for the jogging optimization problem as 

specified before: time-dependent and time-independent constraints. The time-dependent 

constraints include (1) joint angle limits; (2) joint torque limits; (3) Ground penetration and 

(4) ZMP stability. These constraints are detailed as follows: 

(1) Joint angle limits 

The physical range of motion of joints accounts for the joint angle limits (Xiang et 

al. 2010a). 

( ) , 0q q q≤ ≤ ≤ ≤L Ut t T              (2.7) 

(2) Joint torque limits 
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 The dynamic physical strength of joints accounts for the joint torque limits where 

the maximum strength (𝜏𝜏𝑖𝑖𝐿𝐿 (𝑙𝑙𝑙𝑙𝑤𝑤𝑙𝑙𝑙𝑙) 𝑙𝑙𝑙𝑙 𝜏𝜏𝑖𝑖𝑈𝑈(𝑢𝑢𝑝𝑝𝑝𝑝𝑙𝑙𝑙𝑙)) of a particular joint, i, of a person 

changes with a change in its joint angle position 𝑞𝑞(𝑡𝑡) and velocity �̇�𝑞(𝑡𝑡).   

𝜏𝜏𝑖𝑖( 𝑞𝑞(𝑡𝑡), �̇�𝑞(𝑡𝑡))𝐿𝐿 ≤ 𝜏𝜏𝑖𝑖(𝑡𝑡) ≤  𝜏𝜏𝑖𝑖( 𝑞𝑞(𝑡𝑡), �̇�𝑞(𝑡𝑡))𝑈𝑈 ;  0 ≤ 𝑡𝑡 ≤ 𝑇𝑇; 𝑖𝑖 = 1, . .𝑛𝑛𝑑𝑑𝑙𝑙𝑓𝑓     (2.8) 

Given the complexity associated with the calculation of dynamic strength, it is only applied 

to a set of prominent joints namely the spine, knee, elbow and hip. Static joint limits are 

applied to the remaining DOF. The data for the static strength is obtained from literature 

(Xiang et al. 2012a) and the constraint is simplified as follows: 

𝜏𝜏𝑖𝑖𝐿𝐿 ≤ 𝜏𝜏𝑖𝑖(𝑡𝑡) ≤  𝜏𝜏𝑖𝑖𝑈𝑈       ;       0 ≤ 𝑡𝑡 ≤ 𝑇𝑇;     𝑖𝑖 = 1, . .𝑛𝑛𝑑𝑑𝑙𝑙𝑓𝑓                                         (2.9)  

The constraint is further normalized so that the minimum value of the normalized function 

is -1 and the maximum value of the normalized function is +1 to help with the gradient 

based optimization process.  Hence, the static torque limit constraint is implemented in the 

code as follows: 

−1 ≤ 𝜏𝜏𝑖𝑖(𝑡𝑡)−𝜏𝜏𝑖𝑖𝐿𝐿

𝜏𝜏𝑖𝑖𝑈𝑈−𝜏𝜏𝑖𝑖𝐿𝐿
≤  1      ;       0 ≤ 𝑡𝑡 ≤ 𝑇𝑇;     𝑖𝑖 = 1, . .𝑛𝑛𝑑𝑑𝑙𝑙𝑓𝑓                                      (2.10) 

(3) Ground penetration 

 The absolute height (𝑦𝑦𝑖𝑖(𝑡𝑡)) and speed (𝑣𝑣𝑖𝑖(𝑡𝑡)) of contacting points are zero when 

the foot is in contact with the ground. The contacting points should be above the ground 

and their height is greater than zero at all other times.  This constraint is formulated as 

follows: 

( ) 0, ( ) 0, 0 ,

( ) 0, 0 ,
i i

j

y t v t t T i contact

y t t T j contact

= = ≤ ≤ ∈

≥ ≤ ≤ ∉
          (2.11) 
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where contact contains a list of foot contacting points. 

 (4) ZMP stability 

  The stability condition is imposed by locating ZMP position in the foot supporting 

region (FSR) as follows (Xiang et al. 2010a):  

 ( ) , ( ) , 0∈ ∈ ≤ ≤ZMP ZMPz t FSR y t FSR t T                                        (2.12) 

  Time independent constraints are as follows: 

(1) Foot contacting positions  

  Foot contacting positions during the motion are specified based on the step length 

L to satisfy the step length constraint. The optimization process determines the initial and 

final postures, velocities and accelerations.  

(2) Continuity/ Symmetry conditions 

 
(0) ( ) 0, 2,3,...
(0) ( ) 0, 1,2,...

(0) ( ) , 1, 2,...

                 
                

              

− = =

− = =

− ≤ ε =

 

 

i i

j j

k k

q q T i n
q q T j n

q q T k n

                                           (2.13) 

where n is the number of DOFs and ε  is a positive number ranging from 0.001 to 10. The 

position continuity constraint is excluded for the first DOF which corresponds to global 

translation along the jogging direction. In some cases, a smaller value for ε for the 

acceleration continuity constraint may result in an infeasible solution indicating a conflict 

with other constraints. Hence, a large value for ε may be used for the constraint to account 

for the discontinuities resulting due to the impulse-like forces at toe-strike. Continuity 

constraint is applied to the stride formulation where initial and final postures of the motion 

are same. Symmetry constraint is used for the step formulation where the final posture 

mirrors the initial posture.  
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CHAPTER 3: DYNAMIC PREDICTION OF JOGGING ALONG A STRAIGHT 

PATH: ONE-STEP FORMULATION 

 In this chapter, normal jogging simulation along a straight path is presented using 

the one-step formulation.  The left step problem is solved first and its initial and final 

postures are used as input for the symmetry constraint to solve the right step problem. The 

problem is formulated as a nonlinear optimization problem. The laws of physics are 

enforced by evaluating the equations of motion in the optimization process using inverse 

dynamics. SNOPT, a commercial software based on sequential quadratic programming 

(SQP) is used to solve the problem (Gill, Murray, and Saunders, 2002). Besides normal 

jogging, the effects of external loading are also observed. The joint torques and ground 

reaction forces are obtained from the simulations and studied. 

 

3.1 Optimization Formulation 

3.1.1 Task Description 

 

 The task is described as follows: Given a marker, Santos jogs towards the marker 

on a straight path. Although, it is an asymmetric task with Santos jogging with a gun in his 

left hand, the one-step formulation is tested since it provides flexibility in terms of the task 

simulation. Since the distance to be covered is unknown, the number of steps required to 

reach the desired position are unknown. The step formulation allows simulation of odd 

number of steps for this task. In this formulation, the left step is solved first and then its 

initial and final postures are used as input for the right step to solve the problem.  

15 
 



3.1.2 Data Collection 

 

 A velocity of 2 m/s is used for the task. The anthropometry (height and weight) of 

the subject is used as an input. Based on the velocity and the subject height, the step length 

L is calculated according to the following equation (Bruderlin and Calvert, 1996):   

𝐿𝐿 = 0.1394 + (0.00465 + 𝑙𝑙𝑙𝑙𝑣𝑣𝑙𝑙𝑙𝑙) ∗ 𝑣𝑣 ∗ �𝑏𝑏𝑛𝑛𝑛𝑛𝑏𝑏_ℎ𝑒𝑒𝑖𝑖𝑒𝑒ℎ𝑡𝑡
1.8

 m                                   (3.1) 

where v is running speed in m/min, level is the level of expertise in running ranging from 

-0.001 for poor to 0.001 for skilled based on the observation that better runners have a 

greater stride length at a given velocity than less skilled or poor runners; and body_height 

is the height of the human body (in meters). The time duration for the step is then calculated 

as T=L/v. 

3.1.3 Optimization Design Variables 

 

The joint angle profiles q(t) parameterized using B-spline approximation are used 

as design variables for the optimization problem. 

 

3.1.4 Objective Function for Left Step 

 

Motion capture data has been used in this work to improve motion simulation. The 

squared difference or error between the desired joint angles from motion capture and the 

actual joint angles forms the first performance criterion. It is also termed as the tracking 

error and is minimized in the optimization formulation. It is defined as follows: 
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𝑓𝑓1 = ∑ ∫ �𝑞𝑞𝑖𝑖𝑑𝑑(𝑡𝑡) − 𝑞𝑞𝑖𝑖(𝑡𝑡)�
2
𝑑𝑑𝑡𝑡𝑇𝑇

𝑡𝑡=0
𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛
𝑖𝑖=1                                                                                      (3.2) 

where ndof is the number of DOF, qid is the desired joint angle vector for the ith DOF and 

qi is the actual joint angle vector for the ith DOF. Since joint angles are in radians and the 

tracking objective has a very small value, the tracking objective function is not normalized. 

The joint angle values are maintained within ±π to avoid unwarranted rotations in motion 

due to the motion capture data which may have values higher than π.   

Using motion capture data provides a more realistic simulation of the motion. It 

also helps to reduce the number of constraints applied to the optimization problem. For 

instance, constraints such as arm-leg coupling for a symmetric motion, self-avoidance and 

even ground penetration on the velocity level are not required in the presence of motion 

capture data. On the other hand, obtaining motion capture data is very time consuming and 

expensive. It can take weeks to capture the data and process it before it can be used for 

motion simulation. Also the motion capture data only represents a particular subject with 

a specific anthropometry. Hence, it is not sufficient to just use motion capture as the 

performance criterion in the optimization problem to simulate the effects of external loads 

and different anthropometries.  

The time integral of the squares of all joint torques, also termed as dynamic effort, 

is used as the other performance criterion for the jogging motion (Fregly 2007, Xiang et al. 

2010a): 

𝑓𝑓2 = ∑ ∫ � 𝜏𝜏𝑖𝑖
|𝜏𝜏|𝑚𝑚𝑚𝑚𝑚𝑚

�
2𝑇𝑇

𝑡𝑡=0
𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛
𝑖𝑖=1 𝑑𝑑𝑡𝑡                                                                (3.3) 
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where max
τ  is the maximum absolute value of all the joint torque limits; ndof is the number 

of DOF; T  is the last time point, i.e., total time. The torque objective is normalized since 

it can take very high values especially compared to the tracking objective values. Xiang 

(2008) showed that the energy related performance measure of the dynamic effort is most 

appropriate to predict dynamic human motion since natural motion always obeys an 

energy-saving rule. The effect of external loading and varying anthropometries is simulated 

successfully using the dynamic effort objective function. This is in accordance with the 

notion that people always choose a strategy to perform any task that is more efficient in 

increasing stability and reducing the effort associated with the task especially when 

subjected to external loads. This will also be seen in the successful simulation of jogging 

for a male avatar whose anthropometric properties are different from that of the male 

subject used for motion capture data.   

 A third objective function called the position-symmetry objective is introduced for 

the left step. Since the jogging motion to be simulated is asymmetric, position symmetry 

cannot be applied as a hard constraint. However, symmetry needs to be applied to the 

problem at the position level in some way to obtain a smooth motion especially for cases 

with external loads. Whether symmetry or continuity is applied is decided based Table 3.1 

where 0 refers to no symmetry, 1 refers to continuity and -1 refers to symmetry. Hence 

position symmetry is introduced as an objective function. It is defined as follows: 

𝑓𝑓3 = ∑(𝑞𝑞𝐿𝐿(0) − 𝑞𝑞𝑅𝑅(𝑇𝑇))2                                                                      (3.4) 
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where subscripts L and R refer to the left and right side of the body. It includes DOF for 

which symmetry is applied according to Table 3.1. Arms and shoulder are excluded from 

the objective to maintain the asymmetry in the arm motion.  

Table 3.1: Symmetry/ Continuity File for Step Formulation 

DOF Symmetry/ Continuity 

Condition 

GT1 0 

GT2 -1 

GT3 1 

GR1 -1 

GR2 1 

GR3 -1 

SpineLow_LeftRightBend -1 

SpineLow_ExtensionFlexion 1 

SpineLow_RightLeftRotation -1 

SpineMidLow_LeftRightBend -1 

SpineMidLow_ExtensionFlexion 1 

SpineMidLow_RightLeftRotation -1 

SpineMidHigh_LeftRightBend -1 

SpineMidHigh_ExtensionFlexion 1 

SpineMidHigh_RightLeftRotation -1 

SpineHigh_LeftRightBend -1 
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SpineHigh_ExtensionFlexion 1 

SpineHigh_RightLeftRotation -1 

RightClavicle_ElevationDepressionShrug -1 

RightClavicle_RetractionProtraction -1 

RightShoulder_AbductionAdduction -1 

RightShoulder_ExtensionForwardFlexion -1 

RightShoulder_InternalRotationExternalRotation -1 

RightElbow_FlexionExtension -1 

RightWrist_PronationSupination -1 

RightWrist_RadialUlnarDeviation -1 

RightWrist_ExtensionFlexion -1 

LeftClavicle_ElevationDepressionShrug 1 

LeftClavicle_RetractionProtraction 1 

LeftShoulder_AbductionAdduction 1 

LeftShoulder_ExtensionForwardFlexion 1 

LeftShoulder_InternalRotationExternalRotation 1 

LeftElbow_FlexionExtension 1 

LeftWrist_PronationSupination 1 

LeftWrist_RadialUlnarDeviation 1 

LeftWrist_ExtensionFlexion 1 

LowerNeck_LeftRightBending -1 

LowerNeck_ExtensionFlexion 1 

LowerNeck_RightLeftRotation -1 
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UpperNeck_LeftRightBending -1 

UpperNeck_ExtensionFlexion 1 

RightHip_AbductionAdduction -1 

RightHip_FlexionExtension -1 

RightHip_ExternalRotationInternalRotation -1 

RightKnee_ExtensionFlexion -1 

RightAnkle_DorsiPlantarFlexion -1 

RightAnkle_EversionInversion -1 

RightMidFootLateral_ExtensionFlexion -1 

LeftHip_AbductionAdduction -1 

LeftHip_FlexionExtension -1 

LeftHip_ExternalRotationInternalRotation -1 

LeftKnee_ExtensionFlexion -1 

LeftAnkle_DorsiPlantarFlexion -1 

LeftAnkle_EversionInversion -1 

LeftMidFootLateral_ExtensionFlexion -1 

 

The overall objective function is a weighted combination of the three performance 

measures stated above.  

𝑓𝑓(𝑷𝑷) = (𝑤𝑤1 ∗ 𝑓𝑓1) + (𝑤𝑤2 ∗ 𝑓𝑓2)) + (𝑤𝑤3 ∗ 𝑓𝑓3)                                                       (3.5) 

where w1, w2 and w3 are the weights for the objective functions. For the reasons mentioned 

above, the motion capture objective cannot be used on its own to simulate human motion. 
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On the other hand, it does provide a more realistic motion and although there are 

differences in the anthropometry, a majority of the joint angles are very similar for a given 

task especially for the no load case. The dynamic effort on its own would require additional 

constraints to simulate the motion and would provide less realistic results. Hence, equal 

weightage is given to the two primary objectives. Tracking error is minimized to get an 

initial kinematics solution with w1 = 1, w2 = 0 and w3 = 0 which is used as the starting point 

when the other two objective functions are added with w1 = 0.4, w2 = 0.4 and w3 = 0.2. 

The weights for the objective functions are selected such that ∑𝑤𝑤𝑖𝑖 = 1. 

3.1.5 Constraints for Left Step 

 

Two types of constraints are considered for the jogging optimization problem as 

specified before: time-dependent and time-independent constraints. The time-dependent 

constraints include (1) joint angle limits; (2) joint torque limits; and (3) Zero moment point 

(ZMP) stability. These constraints are detailed as follows: 

(1) Joint angle limits 

The physical range of motion of joints accounts for the joint angle limits (Xiang et 

al. 2010a). 

( ) , 0q q q≤ ≤ ≤ ≤L Ut t T              (3.6) 

(2) Joint torque limits 
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 The dynamic physical strength of joints accounts for the joint torque limits where 

the maximum strength (𝜏𝜏𝑖𝑖𝐿𝐿 𝑙𝑙𝑙𝑙 𝜏𝜏𝑖𝑖𝑈𝑈) of a particular joint, i, of a person changes with a change 

in its joint angle position 𝑞𝑞(𝑡𝑡) and velocity �̇�𝑞(𝑡𝑡). 

𝜏𝜏𝑖𝑖( 𝑞𝑞(𝑡𝑡), �̇�𝑞(𝑡𝑡))𝐿𝐿 ≤ 𝜏𝜏𝑖𝑖(𝑡𝑡) ≤  𝜏𝜏𝑖𝑖( 𝑞𝑞(𝑡𝑡), �̇�𝑞(𝑡𝑡))𝑈𝑈 ;  0 ≤ 𝑡𝑡 ≤ 𝑇𝑇; 𝑖𝑖 = 1, . .𝑛𝑛𝑑𝑑𝑙𝑙𝑓𝑓     (3.7) 

(3) ZMP stability 

  The stability condition is imposed by locating ZMP position in the foot supporting 

region (FSR) as follows (Xiang et al. 2010a):  

  ( ) , ( ) , 0∈ ∈ ≤ ≤ZMP ZMPz t FSR y t FSR t T                                        (3.8) 

  Time independent constraints are as follows: 

(1) Foot contacting positions  

  Foot contacting positions during the motion are specified based on the step length 

L to satisfy the step length constraint. The optimization process determines the initial and 

final postures, velocities and accelerations.  

(2) Symmetry constraint 

  Symmetry at the velocity and acceleration level is applied as a constraint. Again, 

the arms and shoulders are excluded to maintain asymmetry in the arm motion. 

  𝑞𝑞′𝐿𝐿(0) − 𝑞𝑞′𝑅𝑅(𝑇𝑇) = 0 ;  𝑞𝑞′′𝐿𝐿(0) − 𝑞𝑞′′𝑅𝑅(𝑇𝑇) = 0                                           (3.9) 

where subscripts L and R refer to the left and right side of the body. It includes DOF for 

which symmetry is applied according to Table 3.1. Arms and shoulder are excluded from 

the objective to maintain the asymmetry in the arm motion.  
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3.1.6 Objective Function for Right Step 

 

Motion capture data has been used in this work to improve motion simulation. The 

squared difference or error between the desired joint angles from motion capture and the 

actual joint angles forms the first performance criterion. It is also termed as the tracking 

error and is minimized in the optimization formulation.  

𝑓𝑓1 = ∑ ∫ �𝑞𝑞𝑖𝑖𝑑𝑑(𝑡𝑡) − 𝑞𝑞𝑖𝑖(𝑡𝑡)�
2
𝑑𝑑𝑡𝑡𝑇𝑇

𝑡𝑡=0
𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛
𝑖𝑖=1                                                                                      (3.10) 

where ndof is the number of DOF, qid is the desired joint angle vector for the ith DOF and 

qi is the actual joint angle vector for the ith DOF.   

The time integral of the squares of all joint torques, also termed as dynamic effort, 

is used as the other performance criterion for the jogging motion (Fregly 2007, Xiang et al. 

2010a): 

𝑓𝑓2 = ∑ ∫ � 𝜏𝜏𝑖𝑖
|𝜏𝜏|𝑚𝑚𝑚𝑚𝑚𝑚

�
2𝑇𝑇

𝑡𝑡=0
𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛
𝑖𝑖=1 𝑑𝑑𝑡𝑡                                                            (3.11) 

where max
τ  is the maximum absolute value of all the joint torque limits; ndof is the number 

of DOF; T  is the last time point, i.e., total time.  

 The overall objective function is a weighted combination of the two performance 

measures stated above.  

𝑓𝑓(𝑷𝑷) = (𝑤𝑤1 ∗ 𝑓𝑓1) + (𝑤𝑤2 ∗ 𝑓𝑓2))                                                         (3.12) 
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where w1 and w2 are the weights for the objective functions. Tracking error is minimized 

to get an initial kinematics solution with w1 = 1 and w2 = 0 which is used as the starting 

point when dynamic effort is added with w1 = 0.5 and w2 = 0.5. The weights for the 

objective functions are selected such that ∑𝑤𝑤𝑖𝑖 = 1. 

 

3.1.7 Constraints for Right Step 

 

Two types of constraints are considered for the jogging optimization problem as 

specified before: time-dependent and time-independent constraints. The time-dependent 

constraints include (1) joint angle limits; (2) joint torque limits; and (3) ZMP stability. 

These constraints are detailed as follows: 

(1) Joint angle limits 

The physical range of motion of joints accounts for the joint angle limits (Xiang et 

al. 2010a). 

( ) , 0q q q≤ ≤ ≤ ≤L Ut t T              (3.13) 

(2) Joint torque limits 

 The dynamic physical strength of joints accounts for the joint torque limits where 

the maximum strength (𝜏𝜏𝑖𝑖𝐿𝐿 𝑙𝑙𝑙𝑙 𝜏𝜏𝑖𝑖𝑈𝑈) of a particular joint, i, of a person changes with a change 

in its joint angle position 𝑞𝑞(𝑡𝑡) and velocity �̇�𝑞(𝑡𝑡). 

𝜏𝜏𝑖𝑖( 𝑞𝑞(𝑡𝑡), �̇�𝑞(𝑡𝑡))𝐿𝐿 ≤ 𝜏𝜏𝑖𝑖(𝑡𝑡) ≤  𝜏𝜏𝑖𝑖( 𝑞𝑞(𝑡𝑡), �̇�𝑞(𝑡𝑡))𝑈𝑈 ;  0 ≤ 𝑡𝑡 ≤ 𝑇𝑇; 𝑖𝑖 = 1, . .𝑛𝑛𝑑𝑑𝑙𝑙𝑓𝑓  (3.14) 

(3) ZMP stability 
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  The stability condition is imposed by locating ZMP position in the foot supporting 

region (FSR) as follows (Xiang et al. 2010a):  

  ( ) , ( ) , 0∈ ∈ ≤ ≤ZMP ZMPz t FSR y t FSR t T                                        (3.15) 

  Time independent constraints are as follows: 

(1) Foot contacting positions  

  Foot contacting positions during the motion are specified based on the step length 

L to satisfy the step length constraint. The optimization process determines the initial and 

final postures, velocities and accelerations.  

(2) Continuity/ Symmetry condition 

  The left and the right step are put together using the continuity constraint Chung 

(2009). Initial and final postures of the first optimization (left step) are matched with final 

and initial posture of the second optimization (right step) respectively. The constraint is 

depicted in figure 5.3 and is mathematically described as: 

𝒒𝒒𝑙𝑙𝑒𝑒𝑛𝑛𝑡𝑡(0) = 𝒒𝒒𝑟𝑟𝑖𝑖𝑒𝑒ℎ𝑡𝑡(𝑇𝑇); 𝒒𝒒𝑙𝑙𝑒𝑒𝑛𝑛𝑡𝑡(𝑇𝑇) = 𝒒𝒒𝑟𝑟𝑖𝑖𝑒𝑒ℎ𝑡𝑡(0)     (3.16) 
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Figure 3.1 Continuity condition constraint 

 

 

3.2 Results 

The nonlinear optimization problem of jogging motion simulation is solved using 

a sequential quadratic programming (SQP) algorithm in SNOPT (Gill, Murray, and 

Saunders 2002). In addition to normal jogging, cause and effect studies are presented for 

different loading conditions (40lb and 80 lb). The left step is solved first and then its initial 

and final postures are used as input for the right step to solve the problem.  

The optimization problem has 330 design variables (55 DOFs each with 6 control 

points) along with 1289 nonlinear constraints for left step and 2679 nonlinear constraints 

for the right step. Tracking error is minimized to get an initial kinematics solution which 

is used as the starting point when the other two objective functions of dynamic effort and 

position symmetry are added to solve the left step problem. The optimality and feasibility 

tolerances are both set to ε = 10-3 and the optimal solution is obtained in 585 CPU seconds 

for left step and 400 seconds for right step on an Intel i7, 16 GHz computer. Objective 

function values are 3.038 for tracking, 0.8005 for dynamic effort and 0.1735 for symmetry 
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objective. The results are compared with running simulation results from Chung (2009), 

walking simulation results from Xiang (2008), other experimental results from literature 

(Novacheck, 1998) and a one-step walking simulation of Santos at a velocity of 0.8 m/s 

and a step length of 0.5. Figure 3.2 shows slices of the motion at 0, 25, 50, 75 and 100 % 

of total time of motion.  

 

 

 

Figure 3.2 Straight Jogging Left Step Motion Slices at 0, 25, 50, 75 and 100% T 

 

3.2.1 Joint Torque Profiles 

Figure 3.3 shows the joint torque profiles of hip and knee for the one-step 

simulation of jogging. The results compare well with running results of Chung (2009) and 

Novacheck (1998) as well as walking results of Xiang (2008) and show reasonable trend 

in general. The hip and knee torques compare well with the walking one step simulation 
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hip and knee torques as well. A small offset can be observed in the plots which is due to 

the reduced percentage of double support in the jogging motion. The hip begins to flex 

with the left toe strike and maximum extension torque is reached with the right foot toe 

strike. The knee is flexed at the start when left toe strikes but then reverses to an extension 

torque.  
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Figure 3.3: Comparison of Joint Torque Profiles for Straight Jogging Left Step and 

Walking Left Step Simulations 
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3.2.2 Ground Reaction Forces 

Vertical ground reaction force (corresponding to the global y-axis) results are 

shown in figure 3.4. All GRFs are normalized to body weight (816.78 N). The results show 

a reasonable trend with the walking results. The peak force occurs after the initial toe strike 

and is well within the range reported by Keller (1996) and many other results from the 

literature. Figure 3.5 depicts the forward GRF (corresponding to the global z-axis) in the 

jogging direction where there is deceleration after initial toe strike and an acceleration force 

at push off. It differs from the walking simulation result but compares well with Chung 

(2009) and Xiang (2008). Figure 3.6 shows the lateral GRF (corresponding to the global x-

axis) where the foot is shown to be pushing laterally during the stance phase. The lateral 

force shows similar trend compared to the walking result.  

 

 

 

 

 

31 
 



 

 

Figure 3.4: Comparison of Vertical GRF for Straight Jogging Left Step and Walking Left 

Step Simulations 
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Figure 3.5: Comparison of Fore-Aft GRF for Straight Jogging Left Step and Walking 

Left Step Simulations 
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Figure 3.6: Comparison of Lateral GRF for Straight Jogging Left Step and Walking Left 

Step Simulations 

 

3.2.3 Kinematics 

Figure 3.7 depicts the hip and knee flexion and extension angles in radians. The 

results compare well with the literature (Novacheck, 1998) and show reasonable trend in 

general. The hip and knee joint angles compare well with the walking one step simulation 

hip and knee angles as well. 
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Figure 3.7: Comparison of Joint Angle Profiles for Straight Jogging Left Step and 

Walking Left Step Simulations 

 

 

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

H
ip

 a
ng

le
 (r

ad
ia

n)

time (s)

Hip Flexion Extension

Walk_Step_Hip_FlexionExtension Straight_Step_Hip_FlexionExtension

0

0.2

0.4

0.6

0.8

1

1.2

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

K
ne

e 
an

gl
e 

(r
ad

ia
n)

time (s)

Knee Flexion Extension

Walk_Step_Knee_HyperextensionFlexion

Straight_Step_Knee_ExtensionFlexion

35 
 



3.2.4 Cause and Effect Studies 

In this section, simulation results for different loading conditions are presented. 

Figure 3.8 depicts the hip and knee joint torques, figures 3.9, 3.10 and 3.11 show the ground 

reaction force results and figure 3.12 shows joint angle profiles for three cases: no load, 

jogging with a 40 lb backpack and jogging with an 80 lb backpack. The 80 lb backpack 

case has a larger peak torque than 40 lb or no load cases. The ground reaction forces 

justifiably increase with increasing loads. Significant load effect is observed on the vertical 

GRF. For the forward force, the 80 lb backpack shows a greater minimum force compared 

to the 40 lb backpack. For the lateral GRF, the 80 lb backpack shows a larger peak force 

than the 40 lb backpack. The hip and knee joint angles do not show much change since the 

jogging velocity and step length is not changed. However, there is increased spine bending 

due to the added external load which is reflected well in the simulation results.  
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Figure 3.8: Comparison of Joint Torque Profiles for Straight Jogging Left Step 

Simulations with No Load, 40 lb Backpack and 80 lb Backpack  
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Figure 3.9: Comparison of Vertical GRF for Straight Jogging Left Step Simulations with 

No Load, 40 lb Backpack and 80 lb Backpack 
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Figure 3.10: Comparison of Fore-Aft GRF for Straight Jogging Left Step Simulations 

with No Load, 40 lb Backpack and 80 lb Backpack 
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Figure 3.11: Comparison of Lateral GRF for Straight Jogging Left Step Simulations with 

No Load, 40 lb Backpack and 80 lb Backpack 
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Figure 3.12: Comparison of Joint Angles for Straight Jogging Left Step Simulations with 

No Load, 40 lb Backpack and 80 lb Backpack 
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CHAPTER 4: DYNAMIC PREDICTION OF JOGGING ALONG A STRAIGHT 

PATH: ONE-STRIDE FORMULATION 

 In this chapter, normal jogging simulation along a straight path is presented using 

the one-stride formulation.  The problem is formulated as a nonlinear optimization 

problem. The laws of physics are enforced by evaluating the equations of motion in the 

optimization process using inverse dynamics. SNOPT, a commercial software based on 

sequential quadratic programming (SQP) is used to solve the problem (Gill, Murray, and 

Saunders, 2002). Besides normal jogging, the effects of external loading are also observed. 

The joint torques and ground reaction forces are obtained from the simulations and studied. 

 

4.1 Optimization Formulation 

4.1.1 Task Description 

 

 The task is described as follows: Given a marker, Santos jogs towards the marker 

on a straight path. The stride formulation is tested for this asymmetric task where Santos 

carries a gun in his left hand.  

4.1.2 Data Collection 

 A velocity of 2 m/s is used for the task. The anthropometry (height and weight) of 

the subject is used as an input. Based on the velocity and the subject height, the step length 

L is calculated according to the following equation (Bruderlin and Calvert, 1996):   

𝐿𝐿 = 0.1394 + (0.00465 + 𝑙𝑙𝑙𝑙𝑣𝑣𝑙𝑙𝑙𝑙) ∗ 𝑣𝑣 ∗ �𝑏𝑏𝑛𝑛𝑛𝑛𝑏𝑏_ℎ𝑒𝑒𝑖𝑖𝑒𝑒ℎ𝑡𝑡
1.8

 m                                        (4.1) 
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where v is running speed in m/min, level is the level of expertise in running ranging from 

-0.001 for poor to 0.001 for skilled and body_height is the height of the human body (in 

meters). The time duration for the step is then calculated as T=2*L/v. 

4.1.3 Optimization Design Variables 

 

The joint angle profiles q(t) parameterized using B-spline approximation are used 

as design variables for the optimization problem. 

4.1.4 Objective Function  

 

Motion capture data has been used in this work to improve motion simulation. The 

difference or error between the desired joint angles from motion capture and the actual 

joint angles forms the first performance criterion. It is also termed as the tracking error and 

is minimized in the optimization formulation.  

𝑓𝑓1 = ∑ ∫ �𝑞𝑞𝑖𝑖𝑑𝑑(𝑡𝑡) − 𝑞𝑞𝑖𝑖(𝑡𝑡)�
2
𝑑𝑑𝑡𝑡𝑇𝑇

𝑡𝑡=0
𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛
𝑖𝑖=1                                                                                      (4.2) 

where ndof is the number of DOF, qid is the desired joint angle vector for the ith DOF and 

qi is the actual joint angle vector for the ith DOF.   

The time integral of the squares of all joint torques, also termed as dynamic effort, 

is used as the other performance criterion for the jogging motion (Fregly 2007, Xiang et al. 

2010a): 

𝑓𝑓2 = ∑ ∫ � 𝜏𝜏𝑖𝑖
|𝜏𝜏|𝑚𝑚𝑚𝑚𝑚𝑚

�
2𝑇𝑇

𝑡𝑡=0
𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛
𝑖𝑖=1 𝑑𝑑𝑡𝑡                                                               (4.3) 
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where max
τ  is the maximum absolute value of all the joint torque limits; ndof is the number 

of DOF; T  is the last time point, i.e., total time.  

 The overall objective function is a weighted combination of the two performance 

measures stated above.  

𝑓𝑓(𝑷𝑷) = (𝑤𝑤1 ∗ 𝑓𝑓1) + (𝑤𝑤2 ∗ 𝑓𝑓2))                                                                          (4.4) 

where w1 and w2 are the weights for the objective functions. Tracking error is minimized 

to get an initial kinematics solution with w1 = 1 and w2 = 0 which is used as the starting 

point when dynamic effort is added with w1 = 0.5 and w2 = 0.5. The weights for the 

objective functions are selected such that ∑𝑤𝑤𝑖𝑖 = 1. 

 

4.1.5 Constraints  

 

Two types of constraints are considered for the jogging optimization problem as 

specified before: time-dependent and time-independent constraints. The time-dependent 

constraints include (1) joint angle limits; (2) joint torque limits; and (3) ZMP stability. 

These constraints are detailed as follows: 

(1) Joint angle limits 

The physical range of motion of joints accounts for the joint angle limits (Xiang et 

al. 2010a). 

( ) , 0q q q≤ ≤ ≤ ≤L Ut t T                  (4.5) 
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(2) Joint torque limits 

 The dynamic physical strength of joints accounts for the joint torque limits where 

the maximum strength (𝜏𝜏𝑖𝑖𝐿𝐿 𝑙𝑙𝑙𝑙 𝜏𝜏𝑖𝑖𝑈𝑈) of a particular joint, i, of a person changes with a change 

in its joint angle position 𝑞𝑞(𝑡𝑡) and velocity �̇�𝑞(𝑡𝑡). 

𝜏𝜏𝑖𝑖( 𝑞𝑞(𝑡𝑡), �̇�𝑞(𝑡𝑡))𝐿𝐿 ≤ 𝜏𝜏𝑖𝑖(𝑡𝑡) ≤  𝜏𝜏𝑖𝑖( 𝑞𝑞(𝑡𝑡), �̇�𝑞(𝑡𝑡))𝑈𝑈 ;  0 ≤ 𝑡𝑡 ≤ 𝑇𝑇; 𝑖𝑖 = 1, . .𝑛𝑛𝑑𝑑𝑙𝑙𝑓𝑓      (4.6) 

(3) ZMP stability 

  The stability condition is imposed by locating ZMP position in the foot supporting 

region (FSR) as follows (Xiang et al. 2010a):  

  ( ) , ( ) , 0∈ ∈ ≤ ≤ZMP ZMPz t FSR y t FSR t T                                        (4.7) 

  Time independent constraints are as follows: 

(1) Foot contacting positions  

  Foot contacting positions during the motion are specified based on the step length 

L to satisfy the step length constraint. The optimization process determines the initial and 

final postures, velocities and accelerations.  

(2) Continuity conditions 

 
(0) ( ) 0, 2,3,...
(0) ( ) 0, 1,2,...

(0) ( ) , 1, 2,...

                 
                

              

− = =
− = =

− ≤ ε =

 

 

i i

j j

k k

q q T i n
q q T j n

q q T k n

                                           (4.8) 

where n is the number of DOFs and ε  is a positive number ranging from 0.001 to 10. The 

position continuity constraint is excluded for the first DOF which corresponds to global 

translation along the jogging direction. The continuity condition file is shown in Table 4.1 

where 0 refers to no symmetry, 1 refers to continuity and -1 refers to symmetry. In some 

cases, a smaller value for ε for the acceleration continuity constraint may result in an 
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infeasible solution indicating a conflict with other constraints. Hence, a large value for ε 

may be used for the constraint to account for the discontinuities resulting due to the 

impulse-like forces at toe-strike. 

Table 4.1: Continuity File for Stride Formulation 

DOF Continuity Condition 

GT1 0 

GT2 1 

GT3 1 

GR1 1 

GR2 1 

GR3 1 

SpineLow_LeftRightBend 1 

SpineLow_ExtensionFlexion 1 

SpineLow_RightLeftRotation 1 

SpineMidLow_LeftRightBend 1 

SpineMidLow_ExtensionFlexion 1 

SpineMidLow_RightLeftRotation 1 

SpineMidHigh_LeftRightBend 1 

SpineMidHigh_ExtensionFlexion 1 

SpineMidHigh_RightLeftRotation 1 

SpineHigh_LeftRightBend 1 

SpineHigh_ExtensionFlexion 1 
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SpineHigh_RightLeftRotation 1 

RightClavicle_ElevationDepressionShrug 1 

RightClavicle_RetractionProtraction 1 

RightShoulder_AbductionAdduction 1 

RightShoulder_ExtensionForwardFlexion 1 

RightShoulder_InternalRotationExternalRotation 1 

RightElbow_FlexionExtension 1 

RightWrist_PronationSupination 1 

RightWrist_RadialUlnarDeviation 1 

RightWrist_ExtensionFlexion 1 

LeftClavicle_ElevationDepressionShrug 1 

LeftClavicle_RetractionProtraction 1 

LeftShoulder_AbductionAdduction 1 

LeftShoulder_ExtensionForwardFlexion 1 

LeftShoulder_InternalRotationExternalRotation 1 

LeftElbow_FlexionExtension 1 

LeftWrist_PronationSupination 1 

LeftWrist_RadialUlnarDeviation 1 

LeftWrist_ExtensionFlexion 1 

LowerNeck_LeftRightBending 1 

LowerNeck_ExtensionFlexion 1 

LowerNeck_RightLeftRotation 1 

UpperNeck_LeftRightBending 1 
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UpperNeck_ExtensionFlexion 1 

RightHip_AbductionAdduction 1 

RightHip_FlexionExtension 1 

RightHip_ExternalRotationInternalRotation 1 

RightKnee_ExtensionFlexion 1 

RightAnkle_DorsiPlantarFlexion 1 

RightAnkle_EversionInversion 1 

RightMidFootLateral_ExtensionFlexion 1 

LeftHip_AbductionAdduction 1 

LeftHip_FlexionExtension 1 

LeftHip_ExternalRotationInternalRotation 1 

LeftKnee_ExtensionFlexion 1 

LeftAnkle_DorsiPlantarFlexion 1 

LeftAnkle_EversionInversion 1 

LeftMidFootLateral_ExtensionFlexion 1 

 

 

4.2 Results 

The nonlinear optimization problem of straight jogging motion simulation with 

one-stride formulation is solved using a sequential quadratic programming (SQP) 

algorithm in SNOPT (Gill, Murray, and Saunders 2002). In addition to normal jogging, 

cause and effect studies are presented for different loading conditions (40lb and 80 lb).  
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The optimization problem has 495 design variables (55 DOFs each with 9 control 

points) along with 1948 nonlinear constraints. Tracking error is minimized to get an initial 

kinematics solution which is used as the starting point when the other objective function 

of dynamic effort is added to solve the problem. The optimality and feasibility tolerances 

are both set to ε = 10-3 and the optimal solution is obtained in 956 CPU seconds on an Intel 

i7, 16 GHz computer. Objective function values are 2.491 for tracking and 1.6738 for 

dynamic effort objective. The results are compared with running simulation results from 

Chung (2009), walking simulation results from Xiang (2008), other experimental results 

from the literature (Novacheck, 1998) and a one-stride walking simulation of Santos at a 

velocity of 0.8 m/s and a step length of 0.5. Figure 4.1 shows slices of the motion at 0, 25, 

50, 75 and 100 % of total time of motion.  

 

 

 

Figure 4.1 Straight Jogging Stride Motion Slices at 0, 25, 50, 75 and 100% T 
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4.2.1 Joint Torque Profiles 

Figure 4.2 shows the joint torque profiles of hip and knee for the one-stride 

simulation of jogging on a straight path. The results compare well with running results of 

Chung (2009) and Novacheck (1998) as well as walking results of Xiang (2008) and show 

reasonable trend in general. The hip and knee torques compare well with the walking one 

stride simulation hip and knee torques as well. A small offset can be observed in the plots 

which is due to the reduced percentage of double support in the jogging motion. The hip 

begins to flex with the left toe strike and maximum extension torque is reached with the 

right foot toe strike. The knee is flexed at the start when left toe strikes but then reverses to 

an extension torque.  
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Figure 4.2: Comparison of Joint Torque Profiles for Straight Jogging Stride and Walking 

Stride Simulations 
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4.2.2 Ground Reaction Forces 

Vertical ground reaction force (corresponding to the global y-axis) results are 

shown in figure 4.3. All GRFs are normalized to body weight (816.78 N). The results show 

a reasonable trend with the walking results. The peak force occurs after the initial toe strike 

and is well within the range reported by Ounpuu (1994) and Novacheck (1998). Figure 4.4 

depicts the forward GRF (corresponding to the global z-axis) in the jogging direction where 

there is deceleration after initial toe strike and an acceleration force at push off. It differs 

from the walking simulation result but compares well with Chung (2009) and Xiang (2008). 

Figure 4.5 shows the lateral GRF (corresponding to the global x-axis) where the foot is 

shown to be pushing laterally during the stance phase. It shows similar trend compared to 

the walking result.  
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Figure 4.3: Comparison of Vertical GRF for Straight Jogging Stride and Walking Stride 

Simulations 
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Figure 4.4: Comparison of Fore-Aft GRF for Straight Jogging Stride and Walking Stride 

Simulations 
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Figure 4.5: Comparison of Lateral GRF for Straight Jogging Stride and Walking Stride 

Simulations 

 

4.2.3 Kinematics 

Figure 4.6 depicts the hip and knee flexion and extension angles in radians. The 

results compare well with the literature (Novacheck, 1998) and show reasonable trend in 

general. The hip and knee joint angles compare well with the walking one step simulation 

hip and knee angles as well. 
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Figure 4.6: Comparison of Joint Angle Profiles for Straight Jogging Stride and Walking 

Stride Simulations 
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4.2.4 Cause and Effect Studies 

In this section, simulation results for different loading conditions are presented. 

Figure 4.7 depicts the hip and knee joint torques, figures 4.8, 4.9 and 4.10 show the ground 

reaction force results and figure 4.11 shows joint angle profiles for three cases: no load, 

jogging with a 40 lb backpack and jogging with an 80 lb backpack. The 80 lb backpack 

case has a larger peak torque than 40 lb or no load cases. The ground reaction forces 

justifiably increase with increasing loads. Significant load effect is observed on the vertical 

GRF. For the forward force, the 80 lb backpack shows a greater minimum force compared 

to the 40 lb backpack. For the lateral GRF, the 80 lb backpack shows a larger peak force 

than the 40 lb backpack. The hip and knee joint angles do not show much change since the 

jogging velocity and step length is not changed. However, there is increased spine bending 

due to the added external load which is reflected well in the simulation results. 
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Figure 4.7 Comparison of Joint Torque Profiles for Straight Jogging Stride Simulations 

with No Load, 40 lb Backpack and 80 lb Backpack 
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Figure 4.8 Comparison of Vertical GRF for Straight Jogging Stride Simulations with No 

Load, 40 lb Backpack and 80 lb Backpack 
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Figure 4.9 Comparison of Fore-Aft GRF for Straight Jogging Stride Simulations with No 

Load, 40 lb Backpack and 80 lb Backpack 
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Figure 4.10 Comparison of Lateral GRF for Straight Jogging Stride Simulations with No 

Load, 40 lb Backpack and 80 lb Backpack 
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Figure 4.11 Comparison of Joint Angles for Straight Jogging Stride Simulations with No 

Load, 40 lb Backpack and 80 lb Backpack 
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4.2.5 Walking with Increased Velocity 

In this section, visual results for walking stride simulation with increased double 

support phase and heel strike for a velocity of v = 2 m/s and a step length of L = 0.5 m are 

presented to test the hypothesis that simulation of human jogging by formulating the 

motion as a separate problem with different gait cycle phases and foot striking patterns as 

compared to walking provides more realistic motion. Figure 4.12 shows slices of the 

walking stride motion with increased velocity at 0, 25, 50, 75 and 100 % of total time of 

the motion.  

 

 

 

Figure 4.12 Walking Stride Simulation with Velocity 2 m/s and Step Length 0.5 m 

Motion Slices at 0, 25, 50, 75 and 100% T 

It is observed that the walking motion with increased velocity does not look natural 

and the formulation needs to be modified for realistic motion, thus proving the hypothesis 

that a separate jogging formulation provides more realistic results.  
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CHAPTER 5: DYNAMIC PREDICTION OF JOGGING ALONG A CURVED 

PATH: ONE-STRIDE FORMULATION 

 In this chapter, normal clock-wise and a counter clock-wise jogging simulation 

along a curve is presented using the one-stride formulation.  The problem is formulated as 

a nonlinear optimization problem. The laws of physics are enforced by evaluating the 

equations of motion in the optimization process using inverse dynamics. SNOPT, a 

commercial software based on sequential quadratic programming (SQP) is used to solve 

the problem (Gill, Murray, and Saunders, 2002). Besides normal jogging, the effects of 

external loading are also observed. The joint torques and ground reaction forces are 

obtained from the simulations and studied. 

 

5.1 Clock-wise Jogging 

In this section, formulation and simulation results for clock-wise jogging along a 

curve are presented.  

 

5.1.1 Optimization Formulation 

5.1.1.1 Task Description 

 The task is described as follows: Given a marker, Santos jogs around the marker. 

The stride formulation is tested for this asymmetric task where motion of the left and 

right parts of the body is not the same and Santos carries a gun in his left hand.  

64 
 



5.1.1.2 Data Collection 

 A velocity of 2 m/s, an initial step length L = 0.55 m and a radius of curved path R 

= 1.5 m is used for the task. Step length L and curve radius R are used to calculate actual 

foot locations along the curve for the foot contact position constraint (Chung, 2009). The 

heel, mid-foot or the toe can be constrained on the foot to impose the foot contact position 

constraint.  

 

Figure 5.1 Points on the foot for foot contact position constraint 

Here pt16 is left toe center, pt15 is left mid-foot center, pt24 is left heel center, pt23 is right 

heel center, pt4 is right mid-foot center and pt5 is right toe center.  

The step length and orientation of the foot in the inertial frame of reference is required to 

calculate the contact location of any of these three points. Figure 5.2 describes the foot 

location along the curve: 
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Figure 5.2 Foot location along the curve 

 

The blue box describes the foot on the ground. The local reference frame for the foot is 

given by x1-z1 and the inertial reference frame is given by x-z. rp is the vector from the 

origin of the inertial reference frame to the foot point p, which will be controlled in the 

local reference frame. r1 is the vector from the origin of the inertial reference frame to the 

origin of the local reference frame. r1p is the vector from the origin of the local reference 

frame to the foot point p in the local reference frame. What we need is rp since the foot 

location constraint is applied in the inertial reference frame. The vector r1 is given by the 

step length. 

1 L=r                                                                                                            (5.1) 

The foot orientation angle 𝜃𝜃 is calculated as follows: 
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12sin
2
L
R

θ −  =  
 

                                     (5.2) 

The the vector of point P can be written as: 

 1 1 1p p= +r r A r                    (5.3) 

 1 1

1 1

2 sin( / 2)cos( / 2) cos sin
2 sin( / 2)sin( / 2) sin cos

p p
p

p p

R z x
R z x

θ θ θ θ
θ θ θ θ

+ − 
=  + + 

r     (5.4) 

where A1 is the rotation matrix of the local reference frame. For the given values of step 

length L and radius R, the foot orientation angle 𝜃𝜃  is approximately 30 degrees and the 

distance covered in one stride is 1.6 m at a velocity of 2 m/s. The time duration for the 

stride is then calculated as T=1.6/2 = 0.8s. 

5.1.1.3 Optimization Design Variables 

The joint angle profiles q(t) parameterized using B-spline approximation are used 

as design variables for the optimization problem. 

5.1.1.4 Objective Function  

Motion capture data has been used in this work to improve motion simulation. The 

difference or error between the desired joint angles from motion capture and the actual 

joint angles forms the first performance criterion. It is also termed as the tracking error and 

is minimized in the optimization formulation.  

𝑓𝑓1 = ∑ ∫ �𝑞𝑞𝑖𝑖𝑑𝑑(𝑡𝑡) − 𝑞𝑞𝑖𝑖(𝑡𝑡)�
2
𝑑𝑑𝑡𝑡𝑇𝑇

𝑡𝑡=0
𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛
𝑖𝑖=1                                                                                      (5.5) 

where ndof is the number of DOF, qid is the desired joint angle vector for the ith DOF and 

qi is the actual joint angle vector for the ith DOF.   
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The time integral of the squares of all joint torques, also termed as dynamic effort, 

is used as the other performance criterion for the jogging motion (Fregly 2007, Xiang et al. 

2010a): 

𝑓𝑓2 = ∑ ∫ � 𝜏𝜏𝑖𝑖
|𝜏𝜏|𝑚𝑚𝑚𝑚𝑚𝑚

�
2𝑇𝑇

𝑡𝑡=0
𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛
𝑖𝑖=1 𝑑𝑑𝑡𝑡                                                 (5.6) 

where max
τ  is the maximum absolute value of all the joint torque limits; ndof is the number 

of DOF; T  is the last time point, i.e., total time.  

 The overall objective function is a weighted combination of the two performance 

measures stated above.  

𝑓𝑓(𝑷𝑷) = (𝑤𝑤1 ∗ 𝑓𝑓1) + (𝑤𝑤2 ∗ 𝑓𝑓2))                                                           (5.7) 

where w1 and w2 are the weights for the objective functions. Tracking error is minimized 

to get an initial kinematics solution with w1 = 1 and w2 = 0 which is used as the starting 

point when dynamic effort is added with w1 = 0.5 and w2 = 0.5. The weights for the 

objective functions are selected such that ∑𝑤𝑤𝑖𝑖 = 1. 

 

5.1.1.5 Constraints  

 

Two types of constraints are considered for the jogging optimization problem as 

specified before: time-dependent and time-independent constraints. The time-dependent 

constraints include (1) joint angle limits; (2) joint torque limits; and (3) ZMP stability. 

These constraints are detailed as follows: 

(1) Joint angle limits 
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The physical range of motion of joints accounts for the joint angle limits (Xiang et 

al. 2010a). 

( ) , 0q q q≤ ≤ ≤ ≤L Ut t T                (5.8) 

(2) Joint torque limits 

 The dynamic physical strength of joints accounts for the joint torque limits where 

the maximum strength (𝜏𝜏𝑖𝑖𝐿𝐿 𝑙𝑙𝑙𝑙 𝜏𝜏𝑖𝑖𝑈𝑈) of a particular joint, i, of a person changes with a change 

in its joint angle position 𝑞𝑞(𝑡𝑡) and velocity �̇�𝑞(𝑡𝑡). 

𝜏𝜏𝑖𝑖( 𝑞𝑞(𝑡𝑡), �̇�𝑞(𝑡𝑡))𝐿𝐿 ≤ 𝜏𝜏𝑖𝑖(𝑡𝑡) ≤  𝜏𝜏𝑖𝑖( 𝑞𝑞(𝑡𝑡), �̇�𝑞(𝑡𝑡))𝑈𝑈 ;  0 ≤ 𝑡𝑡 ≤ 𝑇𝑇; 𝑖𝑖 = 1, . .𝑛𝑛𝑑𝑑𝑙𝑙𝑓𝑓   (5.9) 

(3) ZMP stability 

  The stability condition is imposed by locating ZMP position in the foot supporting 

region (FSR) as follows (Xiang et al. 2010a):  

  ( ) , ( ) , 0∈ ∈ ≤ ≤ZMP ZMPz t FSR y t FSR t T                                        (5.10) 

  Time independent constraints are as follows: 

(1) Foot contacting positions  

  Foot contacting positions during the motion are specified based on the step length 

L to satisfy the step length constraint. The optimization process determines the initial and 

final postures, velocities and accelerations.  

(2) Continuity conditions 

 
(0) ( ) 0, 2,3,...
(0) ( ) 0, 1,2,...

(0) ( ) , 1, 2,...

                 
                

              

− = =
− = =

− ≤ ε =

 

 

i i

j j

k k

q q T i n
q q T j n

q q T k n

                                           (5.11) 
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where n is the number of DOFs and ε  is a positive number ranging from 0.001 to 

10. The position continuity constraint is excluded for the first DOF which corresponds to 

global translation along the jogging direction. The continuity condition file is shown in 

Table 4.1 where 0 refers to no symmetry, 1 refers to continuity and -1 refers to symmetry. 

In some cases, a smaller value for ε for the acceleration continuity constraint may result in 

an infeasible solution indicating a conflict with other constraints. Hence, a large value for 

ε may be used for the constraint to account for the discontinuities resulting due to the 

impulse-like forces at toe-strike. 

5.1.2 Results 

The nonlinear optimization problem of clock-wise (CW) jogging motion simulation 

with one-stride formulation is solved using a sequential quadratic programming (SQP) 

algorithm in SNOPT (Gill, Murray, and Saunders 2002). In addition to normal CW jogging, 

cause and effect studies are presented for different loading conditions (40lb and 80 lb).  

The optimization problem has 495 design variables (55 DOFs each with 9 control 

points) along with 1929 nonlinear constraints. Tracking error is minimized to get an initial 

kinematics solution which is used as the starting point when the other objective function 

of dynamic effort is added to solve the problem. The optimality and feasibility tolerances 

are both set to ε = 10-3 and the optimal solution is obtained in 688 CPU seconds on an Intel 

i7, 16 GHz computer. Objective function values are 2.77 for tracking and 1.776 for 

dynamic effort objective. The results are compared with running simulation results from 

Chung (2009), other experiment results from literature (Novacheck, 1998) and the one-

stride straight jogging simulation of Santos presented in chapter 4. Figure 5.3 shows slices 

of the motion at 0, 25, 50, 75 and 100 % of total time of motion.  
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Figure 5.3 CW Jogging Stride Motion Slices at 0, 25, 50, 75 and 100% T 

 

5.1.2.1 Joint Torque Profiles 

Figure 5.4 shows the joint torque profiles of hip and knee for the one-stride 

simulation of CW jogging on a curved path. The results compare well with running results 

of Chung (2009) and Novacheck (1998) and the straight stride results and show reasonable 

trend in general. The hip begins to flex with the left toe strike and maximum extension 

torque is reached with the right foot toe strike. The knee is flexed at the start when left toe 

strikes but then reverses to an extension torque.  
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Figure 5.4: Comparison of Joint Torque Profiles for Straight Jogging Stride and Clock-

wise Jogging Stride Simulations 
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5.1.2.2 Ground Reaction Forces 

Vertical ground reaction force (corresponding to the global y-axis) results are 

shown in figure 5.5. All GRFs are normalized to body weight (816.78 N). The results show 

a reasonable trend with the straight stride results and walking results. The peak force is 

well within the range reported by Keller (1996). It is interesting to note that jogging along 

a curved path experiences lesser vertical forces and increased lateral forces as compared to 

straight jogging. Figure 5.6 depicts the forward GRF (corresponding to the global z-axis) 

and figure 5.7 shows the lateral GRF (corresponding to the global x-axis). The forward 

GRF compares well with Chung (2009) and Xiang (2008) as well as the straight stride 

results. The lateral force is justifiably higher for jogging on a curved path compared to the 

straight stride results as it provides the required centripetal force for the circular jog and 

shows reasonable trend with Chung (2009).  
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Figure 5.5: Comparison of Vertical GRF for Straight Jogging Stride and Clock-wise 

Jogging Stride Simulations 
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Figure 5.6: Comparison of Fire-Aft GRF for Straight Jogging Stride and Clock-wise 

Jogging Stride Simulations 
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Figure 5.7: Comparison of Lateral GRF for Straight Jogging Stride and Clock-wise 

Jogging Stride Simulations 

 

5.1.2.3 Kinematics 

Figure 5.8 depicts the hip and knee flexion and extension angles in radians. The 

results compare well with the literature (Novacheck, 1998) and show reasonable trend in 

general. The hip and knee joint angles compare well with the jogging one stride simulation 

hip and knee angles as well. 
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Figure 5.8: Comparison of Joint Torque Profiles for Straight Jogging Stride and Clock-

wise Jogging Stride Simulations 
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5.1.2.4 Cause and Effect Studies 

In this section, simulation results for different loading conditions are presented for 

the CW jogging motion. Figure 5.9 depicts the hip and knee joint torques, figures 5.10, 

5.11 and 5.12 show the ground reaction force results and figure 5.13 shows joint angle 

profiles for three cases: no load, jogging with a 40 lb backpack and jogging with an 80 lb 

backpack. The 80 lb backpack case has a larger peak torque than 40 lb or no load cases. 

The ground reaction forces justifiably increase with increasing loads. Significant load 

effect is observed on the vertical GRF. For the forward force, the 80 lb backpack shows a 

greater minimum force compared to the 40 lb backpack. For the lateral GRF, the 80 lb 

backpack shows a larger peak force than the 40 lb backpack. The hip and knee joint angles 

do not show much change since the jogging velocity and step length is not changed. 

However, there is increased spine bending due to the added external load which is reflected 

well in the simulation results. 
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Figure 5.9: Comparison of Joint Torque Profiles for Clock-wise Jogging Stride 

Simulations with No Load, 40 lb Backpack and 80 lb Backpack 
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Figure 5.10: Comparison of Vertical GRF for Clock-wise Jogging Stride Simulations 

with No Load, 40 lb Backpack and 80 lb Backpack 
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Figure 5.11: Comparison of Fore-Aft GRF for Clock-wise Jogging Stride Simulations 

with No Load, 40 lb Backpack and 80 lb Backpack 
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Figure 5.12: Comparison of Lateral GRF for Clock-wise Jogging Stride Simulations with 

No Load, 40 lb Backpack and 80 lb Backpack 
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Figure 5.13: Comparison of Joint Angles for Clock-wise Jogging Stride Simulations with 

No Load, 40 lb Backpack and 80 lb Backpack 
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5.2 Counter Clock-wise Jogging 

In this section, formulation and simulation results for counter clock-wise jogging 

along a curve are presented.  

5.2.1 Optimization Formulation 

5.2.1.1 Task Description 

 The task is described as follows: Given a marker, Santos jogs around the marker. 

The stride formulation is tested for this asymmetric task where 

motion of the left and right parts of the body is not the same and Santos carries a gun in his 

left hand.  

5.2.1.2 Data Collection 

 A velocity of 2 m/s, an initial step length L = 0.55 m and a radius of curved path R 

= 1.5 m is used for the task. Step length L and curve radius R are used to calculate actual 

foot locations along the curve for the foot contact position constraint (Chung, 2009). The 

foot locations are calculated as described in section 5.1.1.2. Again, for the given values of 

step length L and radius R, the foot orientation angle 𝜃𝜃  is approximately 30 degrees and 

the distance covered in one stride is 1.6 m at a velocity of 2 m/s. The time duration for the 

stride is then calculated as T=1.6/2 = 0.8s. 

5.2.1.3 Optimization Design Variables 
 

The joint angle profiles q(t) parameterized using B-spline approximation are used 

as design variables for the optimization problem. 

5.2.1.4 Objective Function  
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Motion capture data has been used in this work to improve motion simulation. The 

difference or error between the desired joint angles from motion capture and the actual 

joint angles forms the first performance criterion. It is also termed as the tracking error and 

is minimized in the optimization formulation.  

𝑓𝑓1 = ∑ ∫ �𝑞𝑞𝑖𝑖𝑑𝑑(𝑡𝑡) − 𝑞𝑞𝑖𝑖(𝑡𝑡)�
2
𝑑𝑑𝑡𝑡𝑇𝑇

𝑡𝑡=0
𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛
𝑖𝑖=1                                                                                      (5.12) 

where ndof is the number of DOF, qid is the desired joint angle vector for the ith DOF and 

qi is the actual joint angle vector for the ith DOF.   

The time integral of the squares of all joint torques, also termed as dynamic effort, 

is used as the other performance criterion for the jogging motion (Fregly 2007, Xiang et al. 

2010a): 

𝑓𝑓2 = ∑ ∫ � 𝜏𝜏𝑖𝑖
|𝜏𝜏|𝑚𝑚𝑚𝑚𝑚𝑚

�
2𝑇𝑇

𝑡𝑡=0
𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛
𝑖𝑖=1 𝑑𝑑𝑡𝑡                                                 (5.13) 

where max
τ  is the maximum absolute value of all the joint torque limits; ndof is the number 

of DOF; T  is the last time point, i.e., total time.  

 The overall objective function is a weighted combination of the two performance 

measures stated above.  

𝑓𝑓(𝑷𝑷) = (𝑤𝑤1 ∗ 𝑓𝑓1) + (𝑤𝑤2 ∗ 𝑓𝑓2))                                                           (5.14) 

where w1 and w2 are the weights for the objective functions. Tracking error is minimized 

to get an initial kinematics solution with w1 = 1 and w2 = 0 which is used as the starting 

point when dynamic effort is added with w1 = 0.5 and w2 = 0.5. The weights for the 

objective functions are selected such that ∑𝑤𝑤𝑖𝑖 = 1. 
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5.2.1.5 Constraints  

 

Two types of constraints are considered for the jogging optimization problem as 

specified before: time-dependent and time-independent constraints. The time-dependent 

constraints include (1) joint angle limits; (2) joint torque limits; and (3) ZMP stability. 

These constraints are detailed as follows: 

(1) Joint angle limits 

The physical range of motion of joints accounts for the joint angle limits (Xiang et 

al. 2010a). 

( ) , 0q q q≤ ≤ ≤ ≤L Ut t T                          (5.15) 

(2) Joint torque limits 

 The dynamic physical strength of joints accounts for the joint torque limits where 

the maximum strength (𝜏𝜏𝑖𝑖𝐿𝐿 𝑙𝑙𝑙𝑙 𝜏𝜏𝑖𝑖𝑈𝑈) of a particular joint, i, of a person changes with a change 

in its joint angle position 𝑞𝑞(𝑡𝑡) and velocity �̇�𝑞(𝑡𝑡). 

𝜏𝜏𝑖𝑖( 𝑞𝑞(𝑡𝑡), �̇�𝑞(𝑡𝑡))𝐿𝐿 ≤ 𝜏𝜏𝑖𝑖(𝑡𝑡) ≤  𝜏𝜏𝑖𝑖( 𝑞𝑞(𝑡𝑡), �̇�𝑞(𝑡𝑡))𝑈𝑈 ;  0 ≤ 𝑡𝑡 ≤ 𝑇𝑇; 𝑖𝑖 = 1, . .𝑛𝑛𝑑𝑑𝑙𝑙𝑓𝑓        (5.16) 

(3) ZMP stability 

  The stability condition is imposed by locating ZMP position in the foot supporting 

region (FSR) as follows (Xiang et al. 2010a):  

  ( ) , ( ) , 0∈ ∈ ≤ ≤ZMP ZMPz t FSR y t FSR t T                                        (5.17) 

  Time independent constraints are as follows: 
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(1) Foot contacting positions  

  Foot contacting positions during the motion are specified based on the step length 

L to satisfy the step length constraint. The optimization process determines the initial and 

final postures, velocities and accelerations.  

(2) Continuity conditions 

 
(0) ( ) 0, 2,3,...
(0) ( ) 0, 1,2,...

(0) ( ) , 1, 2,...

                 
                

              

− = =

− = =

− ≤ ε =

 

 

i i

j j

k k

q q T i n
q q T j n

q q T k n

                                           (5.18) 

where n is the number of DOFs and ε  is a positive number ranging from 0.001 to 

10. The position continuity constraint is excluded for the first DOF which corresponds to 

global translation along the jogging direction. The continuity condition file is shown in 

Table 4.1 where 0 refers to no symmetry, 1 refers to continuity and -1 refers to symmetry. 

In some cases, a smaller value for ε for the acceleration continuity constraint may result in 

an infeasible solution indicating a conflict with other constraints. Hence, a large value for 

ε may be used for the constraint to account for the discontinuities resulting due to the 

impulse-like forces at toe-strike. 

5.2.2 Results 

The nonlinear optimization problem of counter clock-wise (CCW) jogging motion 

simulation with one-stride formulation is solved using a sequential quadratic programming 

(SQP) algorithm in SNOPT (Gill, Murray, and Saunders 2002). In addition to normal CCW 

jogging, cause and effect studies are presented for different loading conditions (40lb and 

80 lb).  
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The optimization problem has 495 design variables (55 DOFs each with 9 control 

points) along with 1929 nonlinear constraints. Tracking error is minimized to get an initial 

kinematics solution which is used as the starting point when the other objective function 

of dynamic effort is added to solve the problem. The optimality and feasibility tolerances 

are both set to ε = 10-3 and the optimal solution is obtained in 1434 CPU seconds on an 

Intel i7, 16 GHz computer. Objective function values are 2.604 for tracking and 1.784 for 

dynamic effort objective. The results are compared with running simulation results from 

Chung (2009), other experiment results from literature (Novacheck, 1998) and the one-

stride straight jogging simulation of Santos presented in chapter 4. Figure 5.14 shows slices 

of the motion at 0, 25, 50, 75 and 100 % of total time of motion.  

 

 

 

 

Figure 5.14: CCW Jogging Stride Motion Slices at 0, 25, 50, 75 and 100% T 
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5.2.2.1 Joint Torque Profiles 

Figure 5.15 shows the joint torque profiles of hip and knee for the one-stride 

simulation of CW jogging on a curved path. The results compare well with running results 

of Chung (2009) and Novacheck (1998) and the straight stride results and show reasonable 

trend in general. The hip begins to flex with the left toe strike and maximum extension 

torque is reached with the right foot toe strike. The knee is flexed at the start when left toe 

strikes but then reverses to an extension torque.  
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Figure 5.15: Comparison of Joint Torque Profiles for Straight Jogging Stride and Counter 

Clock-wise Jogging Stride Simulations 
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5.2.2.2 Ground Reaction Forces 

Vertical ground reaction force (corresponding to the global y-axis) results are 

shown in figure 5.16. All GRFs are normalized to body weight (816.78 N). The results 

show a reasonable trend with the straight stride results and walking results. The peak force 

is well within the range reported by Keller (1996). Vertical force for CCW is comparable 

to straight jogging which is in contrast to the CW results and needs to be investigated 

further. Figure 5.17 depicts the forward GRF (corresponding to the global z-axis) and figure 

5.18 shows the lateral GRF (corresponding to the global x-axis). The forward GRF 

compares well with Chung (2009) and Xiang (2008) as well as the straight stride results. 

The lateral/ medial force compares well with Chung (2009) and the straight stride results 

and provides the required centripetal force for the counter clock-wise jog. 
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Figure 5.16: Comparison of Vertical GRF for Straight Jogging Stride and Counter Clock-

wise Jogging Stride Simulations 
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Figure 5.17: Comparison of Fore-Aft GRF for Straight Jogging Stride and Counter 

Clock-wise Jogging Stride Simulations 
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Figure 5.18: Comparison of Lateral GRF for Straight Jogging Stride and Counter Clock-

wise Jogging Stride Simulations 

 

5.2.2.3 Kinematics 

Figure 5.19 depicts the hip and knee flexion and extension angles in radians. The 

results compare well with the literature (Novacheck, 1998) and show reasonable trend in 

general. The hip and knee joint angles compare well with the jogging one stride simulation 

hip and knee angles as well. 
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Figure 5.19: Comparison of Joint Angles for Straight Jogging Stride and Counter Clock-

wise Jogging Stride Simulations 
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5.2.2.4 Cause and Effect Studies 

In this section, simulation results for different loading conditions are presented for 

the CCW jogging motion. Figure 5.30 depicts the hip and knee joint torques, figures 5.21, 

5.22 and 5.23 show the ground reaction force results and figure 5.24 shows joint angle 

profiles for three cases: no load, jogging with a 40 lb backpack and jogging with an 80 lb 

backpack. The 80 lb backpack case has a larger peak torque than 40 lb or no load cases. 

The ground reaction forces justifiably increase with increasing loads. Significant load 

effect is observed on the vertical GRF. For the forward force, the 80 lb backpack shows a 

greater minimum force compared to the 40 lb backpack. For the lateral GRF, the 80 lb 

backpack shows a larger peak force than the 40 lb backpack. The hip and knee joint angles 

do not show much change since the jogging velocity and step length is not changed. 

However, there is increased spine bending due to the added external load which is reflected 

well in the simulation results. 
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Figure 5.20: Comparison of Joint Torque Profiles for Counter Clock-wise Jogging Stride 

Simulations with No Load, 40 lb Backpack and 80 lb Backpack 
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Figure 5.21: Comparison of Vertical GRF for Counter Clock-wise Jogging Stride 

Simulations with No Load, 40 lb Backpack and 80 lb Backpack 

 

 

 

 

 

-1

0

1

2

3

4

5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Ve
rti

ca
l F

or
ce

 (B
W

)

time (s)

   CCW_ RightMidFoot_force_y       CCW_40lb_RightMidFoot_force_y

    CCW_80lb_RightMidFoot_force_y

98 
 



 

 

Figure 5.22: Comparison of Fore-Aft GRF for Counter Clock-wise Jogging Stride 

Simulations with No Load, 40 lb Backpack and 80 lb Backpack 
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Figure 5.23: Comparison of Lateral GRF for Counter Clock-wise Jogging Stride 

Simulations with No Load, 40 lb Backpack and 80 lb Backpack 
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Figure 5.24: Comparison of Joint Angles for Counter Clock-wise Jogging Stride 

Simulations with No Load, 40 lb Backpack and 80 lb Backpack 
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CHAPTER 6: DISCUSSION, CONCLUSIONS AND FUTURE RESEARCH 

6.1 Discussion 

This work is aimed at bridging the gap in literature due to the lack of research work 

in three main areas: (1) simulations and experiments on running at speeds lower than 3 m/s, 

(2) Kinetics of fore-foot strike pattern in jogging and running and (3) the existence of a 

double support phase in running at slower speeds and its effects.  

The results presented in this work provide some insights into the human jogging 

motion from a biomechanical perspective. A lowering of center of mass and increased 

spine flexion is observed as the motion changes from walking to jogging. The knee flexion 

is increased during the swing phase in jogging as compared to walking. There is increased 

hip adduction relative to the pelvis as a shock absorbing mechanism. The pelvis moves 

down during the stance phase and reverses motion during swing phase to create foot 

clearance. The hip and knee torques are increased during the swing phase for jogging. The 

ground reaction forces see a similar increase with increased velocity.  

The results obtained by running the walking simulation with an increased velocity 

provided an unnatural walking motion. These results along with the visual results of the 

jogging simulation prove the hypothesis that simulation of human jogging by formulating 

the motion as a separate problem with different gait cycle phases and foot striking patterns 

as compared to walking provides more realistic motion. The jogging simulation results also 

show the cause and effect of external loading successfully, thus validating the robustness 

and practical application of predictive dynamics to digital human modeling. 
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A few challenges were associated with the formulation and implementation of the 

jogging task. The step formulation required changes to the code to incorporate the 

continuity constraint as it involved solving two optimization problems to obtain one entire 

stride. An additional objective function for the position symmetry had to be added to the 

step formulation for a smooth motion especially with external loading. Any changes to 

anthropometry or input velocity change the step length which correspondingly change the 

foot contact locations. Hence, modifications were made to the code to input foot contact 

locations from user interface based on the velocity and corresponding step length. Curved 

jogging uses a stride formulation assuming the starting posture entering the curve is the 

same as the end posture into the curve. A different optimization problem could be used for 

the motion entering the curve as compared to the motion during the curve to get a more 

realistic motion and needs to be investigated further.  

Results obtained from jogging simulations such as this current work and 

experimental studies have many applications. Kinetics obtained from jogging simulations 

can be used to assess strength requirements for internal and external prostheses (Paul, 

1999). It can also be used to assist rehabilitation teams when considering returning 

individuals back to activity following lower-limb surgical procedures, for preventing 

overuse injury and to provide exercise recommendations for people at greater risk of 

exacerbating chronic joint pain (Kaplan et.al, 2013). Another major application of 

understanding jogging kinematics and kinetics is in monitoring the dynamics of subjects 

suffering from various diseases such as Multiple Sclerosis (MS) and detecting the mobility 

limitations associated with such diseases. Kalron (2013) explained the limitations of 
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current tests used to quantify and assess disability and showed the importance of adding 

more demanding tests such as jogging tasks to improve gait evaluation.  

6.2 Conclusions 

Optimization-based dynamic simulation of human jogging motion has been 

presented in this work. The jogging problem is formulated using the predictive dynamics 

methodology. The nonlinear optimization problem is solved using an algorithm based on 

the sequential quadratic programming approach. Santos, a 55 DOF digital human, 

developed at the Virtual Soldier Research (VSR) lab at the University of Iowa, is used as 

the human model for this work. Denavit-Hartenberg method is used for kinematics 

analysis. B-spline interpolation method is used to discretize the time domain. The control 

points for the joint angle profiles are treated as the design variables in this representation. 

Two formulations are presented for the simulation of jogging motion with fore-foot strike 

pattern and a reduced double-support phase compared to walking. One-step formulation is 

presented for jogging on a straight path and one-stride formulation is presented for jogging 

on a straight path as well as for clock-wise and counter clock-wise jogging on a curved 

path. Error in tracking motion capture data, dynamic effort and error in maintaining 

symmetry at the position level are used as performance measure for the step formulation 

and error in tracking motion capture data and dynamic effort are used as performance 

measures for the stride formulation. The joint angle profiles, joint torque profiles and 

ground reaction forces are determined. Cause and effect studies are presented for different 

backpack loading conditions and reasonable responses are achieved which shows that the 

presented formulations are quite robust and predict natural human jogging motion. 
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6.2 Future Work 
 

There exist a few issues pertaining to the current work as well as the motion 

simulation framework in general which should be investigated further. In general, multiple 

objectives govern the human motion. Therefore, other performance measures such as 

fatigue and discomfort need to be investigated. Better motion capture data can be obtained 

to make simulations of human motion even more realistic. Results presented in this work 

need to be validated and investigated further. The step formulation should be applied to 

jogging on a curved path to provide more flexibility. Other formulations and discretization 

strategies need to be investigated to improve the numerical performance of the optimization 

problem. Additional jogging velocities and varying anthropometries should be tested. 

Asymmetric loading and restricted range of motion cases should be studied with the 

presented formulations for further validation.  
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